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Implicitization of a General Union of Parametric
Varieties
F. ORECCHIA
Dip. di Mat. e Appl. “R. Caccioppoli”, Univ. di Napoli, “Federico II”, Napoli, Italy
We reconduct the computation of the equations defining a union V of parametric va-
rieties, up to a given degree d, to the computation of the equations, of degree ≤ d,
vanishing on a finite set of points of V . If V is general this gives a new algorithm
for implicitizing V . We have compared the implementation of this algorithm with the
Hilbert-driven elimination algorithm included in the software packages CoCoA 3.7 and
Singular 1.2, obtaining significant time savings. Moreover, the implementation of the
algorithm leads to two intriguing conjectures on the natural number of generators of the
union of general parametric curves or surfaces.
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1. Introduction
The problem of determining an implicite representation of an irreducible algebraic vari-
ety given by a rational parametrization has been faced by elimination theory and can be
solved by the computation of Gro¨bner bases or by the computation of resultants (see, for
example, Kalkbrener, 1991; Chionh and Goldman, 1992; Gao and Chou, 1992; Manocha
and Canny, 1992; Licciardi and Mora, 1994; Fix et al., 1996, and references therein).
The methods based on the computation of Gro¨bner bases have been implemented in the
software packages CoCoA 3.7 (Capani et al., 1999) and Singular 1.2 (Greuel et al., 1998)
and take advantage of the Hilbert-driven algorithm (Traverso, 1996). In this paper we
consider the implicitization of a general parametric variety V and we introduce an alter-
native method that reconducts the implicitization of V to the computation of equations
that define a finite set of points of V . This allows us to use some known algorithms that
construct minimal generators and Hilbert functions of ideals of projective points in a
time polynomial in the number of points and in the dimension of the projective space
(see Orecchia, 1991; Marinari et al., 1993; Ramella, 1994; Cioffi, 1999). We show that
the implementation of this new implicitization algorithm is more efficient than the ones
contained in CoCoA 3.7 and Singular 1.2. Moreover, our approach can be applied with
no significant changes to the implicitization of a general union V =
⋃q
i=1 Vi of projective
parametric varieties. In this case it works much more efficiently with respect to the other
procedures that first implicitize all the varieties Vi, and then compute the equations
defining V by ideal intersection.
Let Pn denote the projective n-dimensional space over an algebraically closed field k.
Let V =
⋃q
i=1 Vi ⊂ Pn be the union of parametric varieties Vi parametrized by maps
Φi : Pmi → Pn, mi < n for any i, given by homogeneous polynomials of the same degree
ri. Let I(V ) ⊂ R = k[X0, . . . , Xn] be the ideal of V . Fix an integer d, and let P (i)1 , . . . , P (i)Ni
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be Ni =
(
dri+mi
mi
)
points of Pmi in generic position such that Q(i)j = Φi(P
(i)
j ) form a set
T of N =
∑q
i=1Ni points of Pn. Let f be a homogeneous polynomial in n+ 1 variables
with deg f ≤ d. The equation f = 0 defines V (i.e. f ∈ I(V )) if and only if it defines
T (i.e. f ∈ I(T )). Hence the generators of degree ≤ d of the ideal I(V ) of a union of
parametric varieties V are the generators of an ideal of an appropriate set of points in V .
To use this result we need an upper bound for the degrees of the forms that can generate
I(V ). Such a bound has to depend only on n, ri and mi. We shall use Castelnuovo–
Mumford regularity to get this bound for generic unions of varieties Vi.
In fact, set m = max{m1, . . . ,mq}. Denote by HV (d) =
(
d+n
n
) − dimk I(V )d the
Hilbert function of the ring R/I(V ) and by reg(V ) the Castelnuovo–Mumford regularity
of V . The varieties Vi are pairwise disjoint, smooth of dimension mi and degree rmii ,
with parametric representation given by polynomials without base points if and only if
HV (d) =
∑q
i=1
(
dri+m
m
)
for some d > 0. If this is the case reg(V ) ≤ σ = min{d ≥ m |
HV (d) =
∑q
i=1
(
dri+mi
mi
)} + 1 and I(V ) is generated in degree σ. By Theorem 3.1 the
situation above actually occurs when 2mi < n, for any i, and the union V is general (i.e.
the coefficients of the polynomials that represent Vi are generically chosen).
These results give an efficient algorithm (Algorithm II) for implicitizing a general union
of parametric varieties V (actually, the algorithm computes a minimal set of generators
of the ideal I(V ) of V ). We have compared the implementation of this algorithm with
the Hilbert-driven elimination algorithm included in the software packages CoCoA 3.7
and Singular 1.2, obtaining significant time savings.
Note that the case of union C =
⋃q
i=1 Ci ⊂ Pn of parametric curves (i.e. mi = 1
for any i), which has been the starting point of the present work, was already treated in
Orecchia (1998). In this case any set of points of P1 is in generic position and Theorem 3.1
specializes as follows.
C is smooth of degree r = r1 + · · ·+ rq if and only if HC(d) = dr+ q, for some positive
integer d. If this is the case reg(C) = min{d ∈ N | HC(d) = dr + q} + 1 (see Orecchia,
1998, Proposition 1.5). Moreover, HC(d) = dr+q for some d if C is general (see Orecchia,
1998, Corollary 2.6).
The implementation of Algorithm II has allowed us to formulate two conjectures on
the natural number of minimal generators of the ideal of a union of curves or surfaces
and to prove them for low degrees (see Section 5).
Throughout this paper Pn denotes the projective space of dimension n over an alge-
braically closed field k.
2. Computing the Equations of a Union of Parametric Varieties to any
given Degree Via Points
Definition 2.1. We say that an algebraic variety V ⊂ Pn of dimension> 0 is parametric
if there is a rational map Φ : Pm → Pn, m < n, given by homogeneous polynomials of
the same degree r whose image is a dense subset of V .
Let A = R/I(V ) be the homogeneous coordinate ring of V . In what follows HV (d) =
dimk Ad = dimk Rd − dimk I(V )d =
(
d+n
n
) − dimk I(V )d will always denote the Hilbert
function of V and PV (d) the Hilbert polynomial of V .
Definition 2.2. (Orecchia, 1981) A set S = {P1, . . . , PN} ⊂ Pm of N =
(
d+m
m
)
points is in generic position if it is not contained in a hypersurface of degree d.
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Lemma 2.1. Let V =
⋃q
i=1 Vi ⊂ Pn be the union of parametric varieties Vi parametrized
by maps Φi : Pmi → Pn, mi < n for any i, given by homogeneous polynomials of the
same degree ri. Let d be a fixed integer, and P
(i)
1 , . . . , P
(i)
Ni
be Ni =
(
rid+mi
mi
)
points of Pmi
in generic position such that Q(i)j = Φi(P
(i)
j ) form a set T of N =
∑q
i=1Ni points of Pn.
If f is a polynomial in n + 1 variables with degree deg f ≤ d then f = 0 is an equation
defining V if and only if f = 0 is an equation defining T . In other words the two sets
I(V )d′ = {f ∈ I(V ) | deg f = d′} and I(T )d′ = {f ∈ I(T ) | deg f = d′} are equal for any
d′ ≤ d. Hence HV (d′) = HT (d′), for any d′ ≤ d.
Proof. Let V be irreducible (i.e. q = 1). We set m = m1, r = r1, Φ = Φ1, Pj = P
(1)
j .
Let fi ∈ k[t0, . . . , tm], i = 0, . . . , n, be the polynomials of degree r that parametrically
represent V . Clearly I(V )d′ ⊆ I(T )d′ . We prove the other inclusion by contradiction. For
any f /∈ I(V )d′ there exists a point P ∈ Pm such that f(Φ(P )) 6= 0, so that f(f0, . . . , fn)
is a non-zero polynomial of degree d′r ≤ dr. Suppose now f ∈ I(T )d′ . The polynomial
f(f0, . . . , fn) vanishes on the N =
(
dr+m
m
)
points Pj and this contradicts the assumption
of generic position.
To prove the reducible case it is enough to observe that I(V ) =
⋂q
i=1I(Vi) =
⋂q
i=1I(Ti)
= I(T ) where I(Ti) is the ideal of the points Q
(i)
j , j = 1, . . . , Ni. 2
By Lemma 2.1 the computation of the generators of I(V ) is reconducted to the compu-
tation of the generators of a finite set of points.
Before starting the computation one has to find a set of points in generic position.
Almost all sets of N =
(
d+m
m
)
points S = {P1, . . . , PN} ⊂ Pm are in generic position
(Geramita and Orecchia, 1981). It follows that a random choice for the coordinates of
the P (i)j gives points in generic position. A systematic way of finding points in generic
position in Pm is given by the following two results.
Proposition 2.1. Let d and m be fixed positive integers and aij ∈ k, i = 0, . . . , d,
j = 1, . . . ,m. Suppose aij 6= ai′j, for any i 6= i′, j = 1, . . . ,m. No hypersurface of degree
≤ d contains the N = (d+mm ) affine points in the set S = {(ai11, . . . , aimm) ∈ km |
(i1, . . . , im) ∈ Nm, i1 + · · ·+ im ≤ d}. Hence the set of N =
(
d+m
m
)
projective points
S′ = {(ai11 : . . . : aimm : 1) ∈ Pm | i1 + · · ·+ im ≤ d}
is in generic position.
Proof. We shall prove the first part of the statement by induction. The second part
then follows easily.
When m = 1 the set S = {ai ∈ k | i ≤ d} consists of d + 1 points and no non-zero
polynomial in one variable of degree d can have d + 1 distinct roots; hence the claim is
true for any d.
Suppose now, that the claim is true for m − 1. It follows that for any d, the set of
the N =
(
d+m−1
m−1
)
affine points S0 = {(ai11, . . . , aim−1m−1) ∈ km−1 | (i1, . . . , im−1) ∈
Nm−1, i1 + · · ·+ im−1 ≤ d} is not contained in a hypersurface of degree ≤ d. We want to
prove that any non-null polynomial F (x1, . . . , xm) vanishing on all points in S has degree
greater than d. The polynomial G0(x1, . . . , xm−1) = F (x1, . . . , xm−1, a0m) vanishes on
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S0, hence is null by the inductive hypothesis, then F (x1, . . . , xm) = (xm− a0m)F1 where
degF1 ≤ d− 1. Repeating the same argument for the polynomial F1(x1, . . . , xm−1, a1m)
and the set S1 = {(ai11, . . . , aim−1m−1) ∈ km−1 | (i1, . . . , im−1) ∈ Nm−1, i1+· · ·+im−1 ≤
d − 1} and so on, we get F (x1, . . . , xm) = Πdq=0(xm − aqm)F ′ so that F has a greater
degree than d. 2
From Proposition 2.1 the following result is immediately deduced.
Corollary 2.1. Let d and m be fixed positive integers and char(k) = 0 or char(k) ≥ d.
The set of N =
(
d+m
m
)
projective points, where ij ∈ N is identified with i · 1k ∈ k, is in
generic position
S′ = {(i1 : . . . : im : 1) ∈ Pm | (i1, . . . , im) ∈ Nm, i1 + · · ·+ im ≤ d}.
Corollary 2.1 suggests an algorithmic way to find a set of N =
(
dr+m
m
)
distinct points
T = {Φ(P1), . . . ,Φ(PN )} ⊂ Pn of a parametric variety V , such that {P1, . . . , PN} are
in generic position. The following example concerns surfaces represented by polynomials
without base points.
Example 2.1. Let V ⊂ Pn be a parametric surface parametrized by the map Φ : P2 →
Pn, Φ(t0, t1, t2) = (f0(t0, t1, t2) : . . . : fn(t0, t1, t2)), where fi ∈ C[t0, t1, t2] are homoge-
neous polynomials of degree r, without base points. The coordinates t0 = 0, t2 = 1 and
t1 = 0, 1, 2, 3, . . . , dr give dr + 1 points in P2. The coordinates t0 = 1, t2 = 1 and t1 =
0, 1, 2, 3, . . . , dr− 1 then give dr points of P2, and t0 = 2, t2 = 1, t1 = 0, 1, 2, 3, . . . , dr− 2
give dr−1 points. At the end of this process we have (dr+1)(dr)(dr−1) . . . 2 = N = (dr+22 )
points {P1, . . . , PN} of P2 that are in generic position, by Corollary 1.5.
By the previous results for determining a minimal set of generators up to a given
degree d of the ideal of a union of parametric varieties, one can compute a minimal set of
generators, up to d, of the ideal of a finite set of points. This last computation can be re-
applied to the computation of ranks and bases of null spaces of matrices with coefficients
in k as we are going to show.
Let T = {P1, . . . , Ps} be a set of points in the projective space Pn. Let d be a positive
integer. The vector space I(T )d is easily given by the null space of a matrix with elements
in k. In fact, if Rd = {f ∈ k[X0, . . . , Xn] | deg(f) = d}, then
I(T )d = {f ∈ Rd | f(Pi) = 0, i = 1, . . . , s}. (2.1)
Denoted by Ti, i = 1, . . . , u, the terms of degree d in the indeterminates X0, . . . , Xn
ordered with respect to any term ordering, the set S = {T1, . . . , Tu} is a basis of the
k-vector space Rd. We now consider a
(
d+n
n
)× s matrix:
Gd(T ) = (Ti(Pj)) (2.2)
whose generic element Ti(Pj) is the evaluation of the term Ti at the point Pj .
We also set
(f)S =

a1
a2
...
au

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if f = a1T1 + · · ·+ auTu ∈ k[X0, . . . , Xn].
We have
I(T )d = {f ∈ Rd | Gd(T )(f)S = 0}. (2.3)
In other words, f ∈ I(T )d if and only if (f)S is a vector of the null space Nd(T ) of the
matrix Gd(T ). In Geramita and Orecchia (1981) some elementary linear algebra is used
to show that dimk(I(T )d =
(
d+n
n
)− rk(Gd(T ))(rk = rank), i.e.
rk(Gd(T )) = HT (d). (2.4)
Let I(T )d 6= 0 and {(g1)S , . . . , (ge)S} be a basis of Nd(T ), e =
(
d+n
n
) − rk(Gd(T )).
Denote by Wd+1 the vector space generated by the e(r+1) polynomials giXj of I(T )d+1.
Let
Mn+1(T ) = ((g1X1)S
... · · · ...(giXj)S
... · · · ...(geXn+1)S) (2.5)
be the
(
d+n+1
n
)× e(n+ 1) matrix whose columns are (giXj)S , for any i, j.
Note that an entry of (giXj)S is zero, if it corresponds to a term that does not appear
in the polynomial giXj , or is a coefficient of giXj that is a component of the vector (gi)S .
We have
dimk(Wd+1) = rk(Md+1(T )). (2.6)
Now consider the columns of Md+1(T ) which contain a non-null minor of order rk(Md+1
(T )). These are linearly independent vectors of the null space Nd+1(T ) of the matrix
Gd+1(T ) and then they can be completed to form a basis of Nd+1(T ) by Gauss reduction.
If {(h1)S , . . . , (he)S} are the vectors of this completion, then {h1, . . . , he} are the elements
of degree d in a minimal set of generators of I(T ). These results allow one to construct
an algorithm (Ramella, 1994) that computes the Hilbert function and a minimal set of
generators of the ideal I(T ) of s points up to a given degree d by using only Gauss
reduction of matrices with coefficients in the base field k. This algorithm was first refined
in Orecchia (1991), to an algorithm that computes the Hilbert function of the ideal
I(T ) of s points up to a given degree d with a polynomial computational cost of order
O(nds3), and later on in Cioffi (1999) (by using the results of Marinari et al. (1993))
to an algorithm that also computes a minimal set of generators of I(T ) up to a given
degree d with polynomial computational cost of order O(n4ds3). The implementation of
the algorithm of Cioffi (1999) is available in Orecchia et al. (1999). Thus using this last
algorithm, Lemma 2.1 and Corollary 2.1 it is easy to construct the following algorithm
that computes the elements of degree ≤d in a minimal set of generators of the ideal of a
parametric variety to any given degree d.
Algorithm I.
Input: degrees and coefficients of the polynomials that represent a union of parametric
varieties V ; maximum degree d of the generators of V to compute.
Output: Elements of degree ≤d in a minimal set of homogeneous generators of the ideal
I(V ) and Hilbert function of V .
1. Set d′ = 1.
2. Computation, relatively to degree d′, of the set T of points of Lemma 2.1 (using
Proposition 2.1).
3. Application to the computed points of V of the algorithm of Cioffi (1999), in which
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the elements of degree = d′ of a minimal set of generators of I(T ) are constructed
and the Hilbert function, in degree t is computed.
4. d′ = d′ + 1.
5. If d′ = d+ 1 stop else goto 2.
By the previous considerations, fixed the integers n, mi, ri, d, if V =
⋃q
i=1 Vi ⊂ Pn is
the union of parametric varieties Vi parametrized by maps Φi : Pmi → Pn, mi < n for
any i, given by homogeneous polynomials of the same degree ri, the computational cost
of Algorithm I is polynomial of order O(n4ds3), where s =
∑q
i=1
(
rid+mi
mi
)
.
Now we give two simple examples to show how the algorithm works. In both examples
we consider the lexicographic order on the monomials of k[X0, . . . , Xn].
Example 2.2 was also considered in Manocha and Canny (1992) and Fix et al. (1996).
Example 2.2. Consider the parametric surface V ⊂ P3, over a field of characteristic
zero, parametrized by the map Φ : P2 → P3, Φ(s : t : u) = (st2 − tu2 : stu + su2 :
2su2 − 2tu2 : st2). As input in Algorithm I we consider d = 2. If d′ = 1 by Lemma 2.1
we have to compute a set T of
(
2·1+2
2
)
= 6 (ri = r1 = 2, mi = m1 = 2) points on V that
are the image under Φ of six points in generic position in P2. Using Proposition 2.1 we
find the following six points:
P1 = (0 : 1 : 1), P2 = (1 : 1 : 1), P3 = (2 : 1 : 1), P4 = (0 : 2 : 1),
P5 = (1 : 2 : 1), P6 = (0 : 3 : 1)
of P2 which are obtained by setting aij = i+ j − 1, d = m = 2 in Proposition 2.1.
Note that the point P = (0 : 0 : 1) is a base point of the representation so we cannot
use the points of Example 2.1. The corresponding points on V are
Q1 = (−1 : 0 : −2 : 0), Q2 = (0 : 2 : 0 : 1), Q3 = (1 : 4 : 2 : 2),
Q4 = (−2 : 0 : −4 : 0), Q5 = (3 : 3 : −2 : 4), Q6 = (−3 : 0 : −6 : 0)
and the matrix G1(T ) is 
−1 0 1 −2 2 −3
0 2 4 0 3 0
−2 0 2 −4 −2 −6
0 1 2 0 4 0

whose null space N1(T ) has no solutions. Thus there are no generators of degree 1 in
I(V ). Then we set d′ = 2 in Algorithm I. By Lemma 2.1 and Proposition 2.1 we can
consider the following set T of
(
2·2+2
2
)
= 15 points on V :
Q1 = (−1 : 0 : −2 : 0), Q2 = (0 : 2 : 0 : 1), Q3 = (1 : 4 : 2 : 2), Q4 = (−2 : 0 : −4 : 0),
Q5 = (3 : 3 : −2 : 4), Q6 = (−3 : 0 : −6 : 0), Q7 = (2 : 6 : 4 : 3), Q8 = (3 : 8 : 6 : 4),
Q9 = (6 : 6 : 0 : 8), Q10 = (10 : 9 : 2 : 12), Q11 = (6 : 4 : −4 : 9), Q12 = (15 : 8 : −2 : 18),
Q13 = (−4 : 0 : −8 : 0), Q14 = (12 : 5 : −6 : 16), Q15 = (−5 : 0 : −10 : 0)
corresponding to the points in generic position in P2
P1 = (0 : 1 : 1), P2 = (1 : 1 : 1), P3 = (2 : 1 : 1), P4 = (0 : 2 : 1), P5 = (1 : 2 : 1),
P6 = (0 : 3 : 1), P7 = (3 : 1 : 1), P8 = (4 : 1 : 1), P9 = (2 : 2 : 1), P10 = (3 : 2 : 1)
P11 = (1 : 3 : 1), P12 = (2 : 3 : 1), P13 = (0 : 4 : 1), P14 = (1 : 4 : 1), P15 = (0 : 5 : 1)
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obtained by setting aij = i + j − 1, d = 4, m = 2 in Proposition 2.1. Note that
Q13 = Q15 = (1 : 0 : 2 : 0). This is not a contradiction: it can occur that two distinct
points Pj and Pj′ of P2 have the same image Qj = Φ(Pj) = Qj′ = Φ(Pj′). It emerges
that we can consider only 14 points instead of 15. The matrix G2(T ) is
1 0 2 0 0 0 0 4 0 0
0 0 0 0 4 0 2 0 0 1
1 4 2 2 16 8 8 4 4 4
1 0 2 0 0 0 0 4 0 0
4 6 −4 8 9 −6 12 4 −8 16
9 0 18 0 0 0 0 36 0 0
2 6 4 3 18 12 9 8 6 9
9 24 18 12 64 48 32 36 24 16
36 36 0 48 36 0 48 0 0 64
100 90 20 120 81 18 108 4 24 144
36 24 −24 54 16 −16 36 16 −36 81
225 120 −30 270 64 −16 144 4 −36 324
16 0 32 0 0 0 0 64 0 0
144 60 −72 192 25 −30 80 36 −96 256

and a basis of the null space N2(T ) is (4, 8,−4,−4, 4,−4,−8, 1, 2, 0) which are the coef-
ficients of the irreducible quadric 4x20 + 8x0x1 − 4x0x2 − 4x0x3 + 4x21 − 4x1x2 − 8x1x3 +
x22 +2x2x3 = 0. Since V is irreducible this is the implicit equation of the parametrization
of V .
Example 2.3. Consider the rational curve V ⊂ P3, over a field of characteristic zero,
parametrized by the map Φ : P1 → P3, Φ(s, t) = (s6 : s5t : s4t2 : t6). We set d = 3
in Algorithm I. If d′ = 1 following Lemma 2.1, we consider the set T = {(s6, s5, s4, 1) |
s = 0, . . . , 6} (t = 1) of 6 · 1 + 1 = 7 (ri = r1 = 6, mi = m1 = 1) points on V . The
matrix G1(T ) has rank 4 and then N1(T ) = 0 and there is no generator of degree 1 in the
ideal I(V ). Then we set d′ = 2 in Algorithm I. Let T ′ = {(s6, s5, s4, 1) | s = 0, . . . , 12}
be a set of 6 · 2 + 1 = 13 points on V . A basis of the null space N2(T ′) of the matrix
G2(T ′) is (0, 0,−1, 1, 0, 0). This gives the coefficients of the generator f = x21 − x0x2 of
degree 2 of I(V ). Then we set d′ = 3 in Algorithm I. Let T ′′ = {(s6, s5, s4, 1) | s =
0, . . . , 18} be a set of 6 · 3 + 1 = 19 points on V . To find the elements of degree 3 in a
minimal set of generators of I(V ) we have to complete the vectors of coefficients of the
polynomials fX0, fX1, fX2, fX3 to a basis of the null space of G3(T ). This completion
is (0, 0, 0,−1, 0, 0, 0, 0, 0, 1). It gives the coefficients of the generator g = x32 − x02x3 of
degree 3 of I(V ). So far we have computed a minimal set of generators up to degree 3.
But it is easily seen that f = g = 0 defines an irreducible curve which thus coincides
with V . Finally we have the implicitization required:
C :
{
x21 = x0x2
x32 = x02x3.
In general, Algorithm I is not so efficient as in the previous examples. To find an implic-
itization of V one has to know a bound for the degrees of a minimal set of generators
of I(V ). There are various results in the literature (see Bayer and Mumford, 1993) con-
cerning bounds for the maximum degree in a minimal set of generators of the ideal I(V )
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of an irreducible projective variety but none of them is very useful as an efficient stop to
Algorithm I. Moreover, we do not know of any bound in the case of a union of irreducible
varieties, unless these varieties are rational curves. In this case an efficient bound has
been determined in Orecchia (1998) for smooth curves and in Albano et al. (1999) in
the general case. In the following, regularity will be used to get a very efficient bound
for general unions of parametric varieties, which will lead to an algorithm of polynomial
computational cost for implicitizing V .
3. Implicitization of a General Union of Parametric Varieties
We need some geometric preliminaries.
A coherent sheaf F on Pn is d-regular if Hi(F(d− i)) = 0 for i > 0. If F is d-regular,
F is d+ 1-regular (see Mumford, 1966, Lecture 14).
Definition 3.1. A variety V ⊂ Pn is d-regular if the sheaf IV associated with the ideal
I(V ) of V is d-regular. We set: reg(V ) = min{d | IV is d-regular}.
In the following we say that V is generated in degree n if the ideal I(V ) of V can be
generated by forms of degree ≤ n.
Proposition 3.1. V is generated in degree reg(V ).
Proof. See (Mumford, 1966, p. 99). 2
Theorem 3.1. Let V =
⋃q
i=1 Vi ⊂ Pn be the union of parametric varieties Vi parame-
trized by maps Φi : Pmi → Pn, mi < n for any i, Φi([ti0 : . . . : timi ]) = [fi0([ti0 : . . . :
timi ]) : . . . : fin([ti0 : . . . : timi ])], where fij = aij1T1 + · · · + aijuTu, u =
(
mi+ri
mi
)
, are
homogeneous polynomials of the same degree ri. Set m = max{m1, . . . ,mq}. Then:
(a) HV (d) ≤ min{
(
d+n
n
)
,
∑q
i=1
(
dri+mi
mi
)}, for any d;
(b) the varieties Vi are disjoint, smooth of dimension mi and degree rmii . The para-
metrization is given by polynomials without base points, for any i = 1, . . . , q, if and
only if HV (d) =
∑q
i=1
(
dri+mi
mi
)
for some d > 0. In this case PV (d) =
∑q
i=1
(
dri+mi
mi
)
and HV (d′) =
∑q
i=1
(
d′ri+mi
mi
)} for any d′ ≥ d;
(c) If there exists an integer σ = min{d ≥ m | HV (d) =
∑q
i=1
(
dri+mi
mi
)} + 1, then
reg(V ) ≤ σ, the ideal I(V ) is generated in degree σ and HV (d) = PV (d), for any
d ≥ σ − 1;
(d) let n > 2mi for any i and denote with (a1, . . . , as) = (a
(ij)
h ) the s-tuple (s =∑q
i=1(n + 1)
(
mi+ri
mi
)
) of the coefficients of the polynomials that parametrize Vi.
There exists an open non-empty subset U of the affine space As such that, for
any (a1, . . . , as) ∈ U , HV (d) =
∑q
i=1
(
dri+mi
mi
)
for any d.
Proof. First we prove the statements in the case of V irreducible (i.e. q = 1). We set
m = m1, r = r1, Φ = Φ1, Pj = P
(1)
j .
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Let Φ(t0, . . . , tm) = (f0(t0, . . . , tm), . . . , fn(t0, . . . , tm)), (where fi ∈ k[t0, . . . , tm] are
homogeneous polynomials of degree r) be the map that represents V .
(a) Since HV (d) is the dimension of Ad, the claim easily follows from the natural map:
α : Ad → K[t0, . . . , tm]dr
which is injective. In fact, for all F ∈ Ad = (k[X0, . . . , Xn]/I(V ))d put
α(F ) = F (f0(t0, . . . , tm), . . . , fn(t0, . . . , tm)) ∈ k[t0, . . . , tm]
and observe that α vanishes on all polynomials F which are 0 on V ; conversely, if
F (P ) 6= 0 for some P ∈ V , then the same holds for some point in the image of Φ,
i.e. there is a point Q ∈ Pm with α(F )(Q) 6= 0, so that α(F ) is not null. Hence the
kernel of α is exactly I(V )d and α is injective.
(b) Assume that the equality HV (d) =
∑q
i=1
(
dri+mi
mi
)
holds for a certain integer d.
Then the polynomials f0(t0, . . . , tm), . . . , fn(t0, . . . , tm) generate all polynomials of
degree d in t0, . . . , tm and this is clearly impossible unless they have no base points
and separate points and tangent vectors; it follows that Φ is a regular embedding.
Hence V is smooth of dimension m, degree rm and its parametrization has no base
point. Conversely, if V is isomorphic to Pm, then its Hilbert polynomial is
(
dr+m
m
)
.
(c) Note that if σ exists, then V is isomorphic to Pm and the restriction map
H0(OPn(σ − 1)) → H0(OV (σ − 1)) surjects; this implies H1(IV (σ − 1)) = 0 and
Hi(IV (σ − i)) = Hi−1(OV (σ − i)) = Hi−1(IPm(r(σ − i))) for n > i > 1. Since
σ ≥ m these cohomology groups vanish for i > 0. Hence V is σ-regular. By the
previous results this fact implies (c).
(d) First we prove that for any m, r > 0 and n > 2m there exists a V0 which is
smooth, of dimension m and degree rm. Take a general projection in Pn of the
Veronese embedding of Pm, which is defined by a basis for the space of homogeneous
polynomials of degree n; the corresponding map Φ0 is a smooth embedding, so
there exists a d0 such that HV0(d) =
(
dr+m
m
)
for all d ≥ d0. By Geramita and
Orecchia (1981) HV0(d) is equal to the rank ρ(M) of a matrix M whose elements
are monomials evaluated at the coordinates of the points of the set T of Lemma 2.1
(relatively to degree d0). Then, by (a) ρ(M) ≤
(
d0r+m
m
)
, and ρ(M) is maximal if
and only if ρ(M) =
(
d0r+m
m
)
, that is (a0, . . . , aq) is not the solution of a finite set
of polynomials, i.e. it belongs to an open set of Aq.
The general case follows easily from the previous results and from the following well
known facts about Hilbert functions: HV (d) ≤
∑q
i=1HVi(d) and equality holds, for one
d, if and only if Vi and Vj are disjoint for any i, j. 2
Then, by Theorem 3.1, if in Algorithm I the input of the polynomials is given au-
thomatically by choosing random coefficients we have a generic variety, and by stopping
the algorithm at min{d ≥ m | HV (d) =
∑q
i=1
(
dri+mi
mi
)} + 1 we obtain a minimal set of
generators of I(V ).
The previous results easily give the following algorithm.
Algorithm II.
Input: n,m1, . . . ,mq, m = max{m1, . . . ,mq}, (2mi < n, for any i) and the degrees
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r1, . . . , rq and coefficients (randomly generated by the computer) of the polynomials that
represent the parametric varieties V1, . . . , Vq.
Output: Elements of a minimal set of homogeneous generators of the ideal I(V ) and
Hilbert function of V .
1. Set t = 1.
2. Computation, relatively to degree t, of the set T of points of Lemma 2.1 (using
Corollary 2.1).
3. Application to the computed points of V of the algorithm of Cioffi (1999), in which
the elements of degree = t of a minimal basis of I(T ) (and then of I(V )) are
constructed.
4. t = t+ 1.
5. If t = min{d ≥ m | HV (d) =
∑q
i=1
(
dri+mi
mi
)}+ 2 stop else goto 2.
4. An Implementation: Tests and Results
The Algorithms I and II described to implicitize the union of rational parametric
vareties have been implemented in C++ using the software package Points 99 (Orecchia
et al., 1999) which has been constructed for algorithms related to the computation of the
generators of the ideal of a finite set of points.
In order to test the software, we ran it on randomly generated varieties V for increasing
dimension n of the projective spaces and degree d of the polynomials that parametrically
represent V , on k = Zp, p = 31991. The tests have been performed on a Intel Pentium
200 MHz with 40 MB RAM (for curves) and on a Intel Pentium-III 500 MHz with 128 MB
RAM (for others varieties) both running Linux (kernel 2.0.31).
We have compared our results, relative to Algorithm II, with the performance of the
Hilbert-driven algorithm to eliminate variables and to minimalize a set of generators
implemented in CoCoA 3.7 and Singular 1.2.2 (the same examples and same computer
were considered for Points, CoCoA and Singular) obtaining a significant time saving.
In tables 1–4 we have reported four types of examples: a generic curve, unions of generic
curves, a generic surface and unions of generic surfaces. We did not report the timings
of Singular because in general they are much higher (for example, for a general curve of
degree 30, Singular takes 24713.83 s in P3, 40026.67 s in P4 and 35252.15 s in P5). The
– sign means that CoCoA did not finish the computation. This also happened for curves
of large degree, e.g. a generic curve of degree 80 in P10. (Points takes 133 s).
We do not present tables for varieties of higher dimensions because the computational
times of CoCoA and Singular are very high and in most cases they are not able to
finish the computation. We quote only that for one general three-fold of degree 27 in
P9 Points 99 takes 74 s while Cocoa 3.7 takes 5807 s and for one general three-fold of
degree 27 in P11 Points 99 takes 13 s, while Cocoa 3.7 takes 2688 s.
The implementation we have described can be used to formulate conjectures about the
natural number of minimal generators of the ideal of a general union of curves or surfaces
as we will show in the next section.
5. The Ideal Generation Conjecture for a General Union of Parametric
Curves and Surfaces
In this section we assume that the base field k has characteristic zero.
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Table 1. Generic smooth curves.
d n Points CoCoA 3.6 d n Points CoCoA 3.7
30 3 27.11 64.55 40 3 101.01 254.00
4 6.66 35.45 4 23.43 125.87
5 3.51 28.91 5 14.21 112.78
6 7.23 57.81 6 11.96 99.78
7 3.80 32.8 7 28.55 296.63
9 12.80 86.48 9 21.03 184.85
11 4.25 40.24 11 62.39 430.98
13 8.07 68.77 13 15.10 148.75
15 15.00 112.40 15 25.62 221.95
50 3 297.90 829.98 60 3 604.27 2121.70
4 68.63 448.84 4 107.10 813.92
5 24.92 292.87 5 75.09 684.75
6 21.56 252.98 6 81.65 819.27
7 33.39 410.84 7 58.85 611.20
9 32.04 390.95 9 45.36 590.78
11 86.15 981.65 11 125.28 1284.17
13 26.42 477.60 13 232.25 2166.30
15 42.99 493.47 15 67.29 1090.16
Table 2. Unions of generic smooth curves.
n Example Points CoCoA 3.6
3 1 curve of deg = 1 + 3 curves of deg = 2 0.04 0.54
3 4 curves of deg = 2 0.11 0.68
4 5 curves of deg = 5 4.36 36.64
5 6 curves of deg = 6 10.07 158.65
10 10 curves of deg = 8 97.82 3243.83
Let V =
⋃q
i=1 Vi ⊂ Pn be the union of smooth disjoint parametric varieties Vi
parametrized by maps Φi : Pmi → Pn, 2mi < n for any i, given by homogeneous
polynomials of same degree ri. V is said to be naturally generated (Ida’, 1999) if it has
maximal rank (i.e. the natural map H0(OPn(d))→ H0(OV (d)) has maximal rank for any
d > 0) and V is minimally generated (i.e. the natural map H0(IV (d)) ⊗H0(OPrk(1)) →
H0(IV (d+ 1)) has maximal rank for any d > 0).
Consider the following general questions:
(a) For which values of m,n, q, r1, . . . , rq is it true that, for general V1, . . . , Vq, V has
maximal rank?
(b) For which values of m,n, q, r1, . . . , rq is it true that, for general V1, . . . , Vq, V is
naturally generated?
Very few answers to these questions are known and only concern curves, a context
where parametric and rational are synonimous.
The answer to the question (a) where all Vi are curves is presented in the following
theorem.
Theorem 5.1. Let C =
⋃q
i=1 Ci ⊂ Pn, n ≥ 3, be the union of q rational irreducible
smooth disjoint curves. Then, for general C1, . . . , Cq, C has maximal rank, for any
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Table 3. Generic smooth surfaces.
d n Points CoCoA 3.7 d n Points CoCoA3.7
5 5 133.04 171.03 6 5 824.05 980.09
6 23.54 358.39 6 172.22 256.11
7 8.18 213.05 7 33.27 113.10
8 3.62 162.51 8 23.77 103.29
9 2.06 141.57 9 10.49 904.81
10 2.37 175.71 10 9.10 811.03
11 1.01 191.5 11 7.15 875.93
13 1.29 208.66 13 3.15 1178.51
15 1.03 242.27 15 5.48 1511.90
7 5 19311.66 – 8 5 114524.03 –
6 2126.65 – 6 2355.18 –
7 196.82 413.87 7 962.11 –
8 81.99 261.94 8 390.38 –
9 32.04 198.75 9 182.03 3321.04
10 27.71 188.33 10 131.98 3213.17
11 28.55 197.66 11 65.99 3524.01
13 17.39 232.83 13 55.40 3951.80
15 14.35 291.57 15 61.25 4616.95
Table 4. Unions of generic smooth surfaces.
n Example Points CoCoA 3.7
5 1 surface with d = 1 + 3 surfaces with d = 2 0.04 0.54
5 2 surface with d = 3 25.58 66.33
5 3 surface with d = 3 313.03 598.11
5 4 surface with d = 3 506.33 –
8 5 surface with d = 2 3.43 7.51
8 6 surface with d = 2 12.73 303.11
10 3 surface with d = 3 4.44 106.83
10 2 surface with d = 5 34.56 –
20 3 surface with d = 5 51.13 –
n, q, r1, . . . , rq, except for the following q-tuples (r1, . . . , rq) of P3: (2, 2); (2, 4); (2, 2, 2);
(2, 2, 4); (2, 2, 2, 2).
Proof. See Ballico (1986) and Ballico and Ellia (1986) 2
An answer to question (b) has been given where the Vi were lines and more recently
irreducible curves in P3: see the following theorem.
Theorem 5.2. Let C be the union of q general lines in P3. Then C is naturally generated
if and only if q 6= 4.
Proof. See Ida’ (1990). 2
Theorem 5.3. A general irreducible rational curve C of P3 of degree d ≤ 73 is naturally
generated if and only if d 6= 5.
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Proof. See Ida’ (1999). 2
By using the implementation of Algorithm II we proved in Orecchia (1998), for irre-
ducible curves of degree ≤ 80 in any Pn and for reducible curves of degree ≤ 40 in Pn,
n ≤ 10, the following conjecture.
ideal generation conjecture for rational curves
For every positive integers n, r1, . . . , rq, n ≥ 3, the non-degenerate union C =
⋃q
i=1 Ci
⊂ Pn of general parametric curves Ci of degree ri is naturally generated except for the
following q-tuples (r1, . . . , rq).
If n = 3 : (5); (1, 2); (1, 4); (2, 2); (2, 3); (2, 4); (2, 5); (3, 4); (1, 1, 2); (1, 2, 2); (1, 2, 4); (2, 2, 2);
(2, 2, 3); (2, 2, 4); (1, 1, 1, 1); (1, 2, 2, 2); (2, 2, 2, 2); (1, 2, 2, 2, 2).
If n = 4 : (5); (1, 3); (2, 3); (1, 1, 2).
If n = 5 : (3, 4); (1, 2, 3); (2, 2, 2).
A more powerful personal computer has given us the opportunity to improve the above
result with the following theorem.
Theorem 5.4. The ideal generation conjecture for rational curves is true for irreducible
curves fo degree ≤ 120 in any Pn and for reducible curves of degree ≤ 60 in Pn, n ≤ 20.
In the case of the non-degenerate union S =
⋃q
i=1 Si ⊂ Pn, n ≥ 5 of parametric
surfaces as a consequence of computations performed on the computer using Algorithm II
we formulate the following conjecture.
ideal generation conjecture for general parametric surfaces
For every positive integer n, r1, . . . , rq, n ≥ 5, the non-degenerate union V =
⋃q
i=1 Vi ⊂
Pn of general parametric surfaces Vi of degree r2i is naturally generated except for the
following q-tuples (r1, . . . , rq).
If n = 5 : (1, 1, 1); (1, 1, 2); (1, 1, 1, 1).
If n = 6 : (1, 2); (2, 2); (1, 1, 1); (2, 2, 2).
If n = 7 : (3); (2, 2); (1, 1, 1); (2, 1, 1); (1, 1, 1, 1).
If n = 8 : (1, 3); (1, 2, 2); (2, 1, 1, 1).
If n = 10 : (3, 2, 1).
We have in fact proved the following theorem.
Theorem 5.5. The ideal generation conjecture for parametric surfaces is true for irre-
ducible surfaces of degree ≤ 64 in any Pn and for reducible surfaces of degree ≤ 40 in
Pn, n ≤ 20.
Note
Some of the results of this paper were presented by the author at EACA-99 (Tenerife,
8–11 September, 1999).
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